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MATTEO GALLET, GEORG NAWRATIL, AND JOSEF SCHICHO
Abstract. The complete classification of hexapods — also known as Stewart
Gough platforms — of mobility one is still open. To tackle this problem, we
can associate to each hexapod of mobility one an algebraic curve, called the
configuration curve. In this paper we establish an upper bound for the degree
of this curve, assuming the hexapod is general enough. Moreover, we provide
a construction of hexapods with curves of maximal degree, which is based on
liaison, a technique used in the theory of algebraic curves.
Introduction
This paper is devoted to the study of mechanical devices called hexapods, which
are also known as Stewart Gough platforms. As described in [Naw14b], the geometry
of this kind of mechanical manipulators is defined by the coordinates of the 6
platform points p1, . . . , p6 ∈ R3 and of the 6 base points P1, . . . , P6 ∈ R3 in one of
their possible configurations. A hexapod is called planar if both base points and
platform points are coplanar, otherwise non-planar.
All pairs of points (pi, Pi) are connected by a rigid body, called leg, so that for
all possible configurations the distance di = ‖pi − Pi‖ is preserved (see Fig. 1). We
say that a hexapod is movable, or admits a self-motion if, once we fix the position
of the base points {Pi}, the platform points {pi} are allowed to move in an (at
least) one-dimensional set of configurations respecting the constraints given by the
legs. In this case, each pi moves on the sphere with center Pi and radius di.
P1
P2
P3
P4
P5
P6
p1
p2
p3
p4
p5p6
Figure 1. An example of a planar hexapod.
One can associate to each movable hexapod an algebraic curve (if the hexapod
has mobility one; otherwise it is an algebraic variety of higher dimension) contained
in the algebraic group SE3 of direct isometries of R3; it parametrizes the set of
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LIAISON LINKAGES 2
possible positions of the platform and because of this we call it the configuration
curve (or the configuration set in case the mobility is larger than one). Then one
may define various invariants of a hexapod, such as the degree or the genus of its
configuration curve. Clearly the degree depends on the embedding of the algebraic
group SE3 in projective space. We mainly use the so-called conformal embedding
SE3 ⊆ P16C described in [GNS15, Sel13] because it is most practical for the study of
hexapods; in this way we define the conformal degree of a hexapod. In the literature
(see for example [HK02]) it is more common to project the configuration curve
to SO3 and use the well-known embedding SO3 ⊆ P3C determined by quaternions.
In this case we call the degree of the configuration curve the Euler degree, since the
coordinates of P3C are called Euler parameters.
The classification of hexapods with mobility one is still an open problem. There
is a family of planar hexapods, discovered by Duporq (see [Dup98, Naw14a]), with
a configuration curve of conformal degree 40, Euler degree 20, and genus 41 (see
Section 1); these are the largest possible degrees and genus. The family we introduce
in this paper is non-planar and has conformal degree 28 and Euler degree 14. We
show that this is the maximal degree among non-planar hexapods if we exclude
some degenerate cases. By the way, in this case the genus of the configuration
curve is 23, but we do not know whether this is maximal or not.
Our linkages are constructed in the following way. We start with 6 points
~P = (P1, . . . , P6) in R3, forming the base. Then we employ basic facts from li-
aison theory — a method coming from algebraic geometry — to construct a system
of equations for the 6 points ~p = (p1, . . . , p6) forming the platform. We conjecture
that this system admits solutions for a general choice of ~P . Once ~p is fixed (up
to scaling), we derive linear equations for a scalar γ and a vector ~d = (d1, . . . , d6)
implying that the hexapod (~P , γ ~p, ~d) has mobility one, with a configuration curve
of degree 28. We conjecture that this system of equations has a unique solution
for γ and a three-dimensional set of solutions for the vector ~d. We call a hexapod
constructed by this procedure a liaison hexapod. The nature of the two conjec-
tures is so that if they are false, then they are falsified by a general choice of base
points. We tested the conjectures against many random choices, so there is quite
a strong experimental evidence in their favor. In addition, we found two particular
subfamilies (see Proposition 3.1 and Proposition 3.2) for which we can prove that
the properties predicted by the conjectures hold.
The paper is organized as follows. In Section 1, we prove our main theorem
(Theorem 1.34) concerning the degree bound for configuration curves of general
non-planar hexapods of mobility one; this is achieved by bounding the degree by
the number of intersections of two algebraic curves, and then by using some facts
from algebraic geometry to control such number. The remaining sections deal
with the construction of examples. In Section 2, we describe liaison hexapods:
given a general 6-tuple ~P , we construct — up to a scaling factor — a candidate
platform ~p applying liaison theory and Möbius photogrammetry, a technique used
by the authors in [GNS14] to establish necessary conditions for the mobility of
pentapods. After that we determine the right scaling factor for the platform points
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and the leg lengths so that the hexapod we obtain is movable; both these tasks
are achieved by inspection of tangency conditions for the configuration curve of
the hexapod. In Section 3, we prove with the aid of symbolic computation that
the properties predicated by our conjectures hold in the case of two particular
subfamilies of hexapods, and we exhibit an example of a liaison hexapod.
1. Conformal degree of hexapods
The goal of this section is to associate to each hexapod Π a projective curve KΠ,
called the configuration curve of Π. Its degree, called the conformal degree of Π, is
an invariant of the hexapod, and in this paper we are interested in understanding
what are its possible maximal values. In particular we report well-known examples
of hexapods attaining high values for the conformal degree, and eventually we prove
a bound for the degree of a hexapod satisfying some non-degeneracy conditions
(Theorem 1.34).
1.1. Configuration set and bonds of a hexapod. We recall some definitions
from [GNS15] that we need in our discussion. Following many other authors, we
describe the set of admissible configurations of a given hexapod Π by prescribing
the set of direct isometries (from R3 to itself) mapping the initial position of the
platform to an admissible one. By this we mean that we consider the base ~P as
fixed, and if ~p is the initial position of the platform points, we look for all σ ∈ SE3
(where SE3 denotes the group of direct isometries) such that
(1) ‖σ(pi)− Pi‖ = di for all i ∈ {1, . . . , 6},
where di are the given leg lengths of the hexapod Π. The constraints imposed on
isometries σ ∈ SE3 by Eq. (1) are called spherical conditions.
As shown in [GNS15, Section 2, Subsection 2.1], it is possible to construct a
projective compactification in P16C for (the complexification of) the group SE3; we
denote it by X. It turns out that X is a projective variety of dimension 6 and
degree 40. We call the map SE3 ↪→ P16C the conformal embedding1 of SE3. If
we write the spherical condition in the coordinates of P16C , we obtain six linear
conditions, namely we determine a linear subspace HΠ ⊆ P16C of codimension 6.
The intersection KΠ = X ∩ HΠ is defined to be the complex configuration set of
the hexapod Π.
Definition 1.1. Let Π be a hexapod. The mobility of Π is defined to be the
dimension of KΠ ∩ SE3,C, where SE3,C is the complexification of SE3 embedded
in X. For a hexapod of mobility one we define the conformal degree to be the
degree of the projective curve KΠ.
Remark 1.2. From the fact that X is a variety of degree 40 and KΠ is always a linear
section of X we immediately see that the conformal degree is always smaller than
or equal to 40.
1This name was suggested in a private communication with Jon Selig.
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One can also attach another degree to a hexapod, by considering only the rota-
tional part of the isometries determining its configuration. This is classically done
by embedding the (complexification of the) group of rotations SO3 as an open sub-
set of P3C using the quaternionic description of rotations. In this way we get for
a mobility one hexapod Π a curve in P3C, and its degree is called the Euler degree
of Π. Note that we obtain a point in P3C if the corresponding self-motion is a pure
translation. In this case we set the Euler degree to zero.
If ρ : SE3 −→ SO3 is the map sending a direct isometry to its rotational part,
by analyzing the definition of the conformal embedding one sees that there exists
a linear projection P16C 99K P9C such that the following diagram is commutative:
(2)
SE3 //
ρ

X ⊆

P16C

SO3 // P3C
v3,2 // V3,2 ⊆ P9C
where v3,2 is the Veronese embedding of P3C by quadrics and V3,2 is its image in P9C.
If we have a closer look at X, we discover that it can be written as the disjoint
union SE3,C∪B—where B is a special hyperplane section ofX, called the boundary.
The boundary can be, in turn, decomposed into 5 subsets:
vertex: the only real point in B, a singular point with multiplicity 20; it is never
contained in the complex configuration set of a hexapod;
collinearity points: if KΠ contains such a point, then either the platform points
or the base points are collinear;
similarity points: if KΠ contains such a point, then there are normal projections
of platform and base to a plane such that the images are similar;
inversion points: if KΠ contains such a point, then there are normal projections
of platform and base to a plane such that the images are related by an
inversion;
butterfly points: if KΠ contains such a point, then there are two lines, one in the
base and one in the platform, such that any leg has either a base point in
the base line or a platform point in the platform line.
Remark 1.3. The center of the projection P16C 99K P9C sendingX to the Veronese variety V3,2
is the linear space spanned by similarity points, which contains also the collinearity
points and the vertex.
Inversion points form an open subset of B, while all other sets of points form
proper (quasi-projective) subvarieties of B. The points of the configuration set KΠ
of a hexapod Π that lie on the boundary B are called the bonds of Π. As we
see from the previous description, although bonds do not represent configurations,
their presence constrains the geometry of the corresponding hexapod.
We now discuss a few well-known special cases of hexapods attaining high values
for the conformal and the Euler degree, mainly in order to exclude them later, when
stating and proving our main theorem (Theorem 1.34).
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1.1.1. Planar hexapods. For a general planar pentapod, it is possible to add an
additional leg without changing the configuration set (see [Dup98, Naw14a]), hence
obtaining a movable hexapod. Its configuration curve is the intersection of X with
a linear subspace of codimension 5, hence it has conformal degree 40, and its Euler
degree is 20. The genus can easily be computed by the Hilbert series of X, and it
turns out to be 412.
1.1.2. Non-planar equiform hexapods. A hexapod is called equiform if there is a
similarity R3 −→ R3 mapping base points to platform points. Non-planar equiform
hexapods are discussed in [Naw13].
Equiform hexapods of mobility one admit configuration curves of degree 38.
The assumption on the existence of the similarity implies that for every direction
in R3, the projections of both base and platform points along that direction are
similar, hence every direction in R3 determines a similarity point in KΠ. Therefore
the intersection of KΠ with the boundary B is a curve, and one can show that
it is actually a conic. Thus the configuration curve of such a hexapod has two
components, one given by the Zariski closure of KΠ ∩ SE3,C, and the other by the
intersection of KΠ with B.
1.1.3. General case. If we assume that Π is neither planar nor equiform, then KΠ
intersects B in at most a finite number of points (see [GNS15]). For this case, we
show a useful proposition relating the conformal degree and the Euler degree.
Proposition 1.4. Let Π be a mobility one hexapod, neither planar nor equiform,
then its Euler degree is at most half its conformal degree.
Proof. Consider the linear projection P16C 99K P9C from Diagram (2). Then the
configuration curve KΠ is mapped by such projection to a curve K ′Π in V3,2 such
that the preimage of K ′Π under the Veronese embedding v3,2 determines the Euler
degree of Π.
Let r be the number of intersection points, counted with multiplicity, of KΠ with
the center of the projection. Since by Remark 1.3 this is the cardinality of similarity
bonds plus the cardinality of collinearity bonds of Π, the number r is finite. By a
well-known formula for the degree of a projection, the degree of the image of KΠ is
a factor of d − r, where d is the conformal degree, with equality if and only if the
restriction of the projection to KΠ is birational to the image. On the other hand,
the Veronese map just doubles the degree, hence the statement follows. 
We aim at bounding the conformal degree of a hexapod Π that satisfies some
genericity assumptions (for example, we will assume Π to be non-planar and non-
equiform), and we will determine it by means of two estimates: first of all we
connect the conformal degree to the intersection number of two algebraic curves
defined by base and platform points only, and then the latter will be bounded using
some arguments from algebraic geometry. To do so we need to introduce a new
tool, called Möbius photogrammetry, and this is the content of the next subsection.
2Moreover, the Hilbert series shows that KΠ is half-canonical, namely embedded by a linear
system L such that 2L is canonical.
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1.2. Möbius photogrammetry for hexapods. Notice that a necessary condi-
tion for the mobility of a hexapod is the existence of bonds of some type: in fact if
a hexapod Π is movable, then its configuration set KΠ intersects the boundary B
non-trivially. In particular, when the mobility is one, the bigger the degree of KΠ,
the bigger the number of bonds — counted with multiplicity.
If we assume that Π is neither planar nor equiform nor does it satisfy a butterfly
condition, but has mobility one, then by the characterization of boundary points
we get that there exist planar projections of base and platform such that their
images are related by either a similarity or an inversion. In the second case, we
can replace the inversion also by the composition of the inversion with a reflection,
by considering the projection from the opposite direction. Then, in both cases,
we have projections of base and platform points that are Möbius equivalent, i.e.
equivalent up to Möbius transformations.
Hence, if we are interested in hexapods with high conformal degree, then we
should look for hexapods with a high number of bonds. Since the presence of inver-
sion or similarity bonds corresponds to Möbius equivalent orthogonal projections
of base and platform, we are going to study such projections.
1.2.1. Construction of the photographic map. In [GNS14] the authors introduced
the concept of Möbius photogrammetry for 5-tuples of points in R3, and this tech-
nique allowed to deduce some results about pentapods with mobility two. The idea
behind it is to take “pictures” of a configuration of 5 points in R3, namely consider
its orthogonal projection onto R2 along all possible directions, and try to deduce
properties of this configuration in R3 from the knowledge of its projections. We
briefly recall the construction of the photographic map, adapting it to our setting,
namely considering 6-tuples of distinct points — for definitions and proofs we refer
to [GNS14].
We start with a vector ~A = (A1, . . . , A6) of 6 distinct points in R3. For each
direction ε ∈ S2 in R3, where S2 denotes the unit sphere, we consider an orthogonal
projection piε : R3 −→ R2 along ε. Hence for each ε ∈ S2 we have a tuple piε( ~A) =(
piε(A1), . . . , piε(A6)
)
of projected points of ~A, namely we have a 6-tuple of elements
of R2. By identifying R2 with C and embedding the latter in P1C, we can think
of piε( ~A) as of an element of
(
P1C
)6.
Since Möbius transformations form the automorphism group of P1C, the following
two concepts are equivalent:
· a 6-tuple piε( ~A) in (R2)6, considered up to Möbius transformations;
· a 6-tuple piε( ~A) in
(
P1C
)6, considered up to automorphism of P1C.
LetM6 denote the moduli space of 6 points in P1C, and denote by ϕ :
(
P1C
)699KM6
the corresponding quotient map, namely the function sending a configuration of 6
points to its class modulo automorphisms of P1C. The previous notation encodes
the fact that ϕ is not defined on the whole
(
P1C
)6, since we know from Geometric
Invariant Theory that we need to restrict to the open set U of (P1C)6 of 6-tuples
where no four points coincide in order to build a well-behaved theory. The previous
equivalence allows us to think of a 6-tuple piε( ~A) of points in R2, considered up
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to Möbius transformations, as a point in M6, in particular as the image of piε( ~A)
under the quotient map ϕ. In order to give an explicit formulation of the quotient
map ϕ we follow, as in [GNS14], the graphical approach provided in [HMSV09]:
1. Consider a convex hexagon in the plane and construct all plane undirected
multigraphs without loops whose set of vertices coincides with the set of
vertices of the hexagon and that satisfy the following conditions:
· edges are given by segments;
· any two edges do not intersect;
· the valency of every vertex is 1.
There are exactly 5 of these graphs, as shown in Fig. 2.
1 2
3
45
6
1 2
3
45
6
1 2
3
45
6
1 2
3
45
6
1 2
3
45
6
Figure 2. The only five planar undirected multigraphs without
loops with vertices on a regular hexagon, valency 1 and non-
intersecting edges.
2. Associate to each graph G with set of edges E a homogeneous polynomial
in the coordinates {(ai : bi)} of
(
P1C
)6 in the following way:
ϕG =
∏
(i,j)∈E
i<j
(ai bj − aj bi).
For example the polynomial associated to the first graph in Fig. 2 is
ϕ0 = (a1 b2 − a2 b1)(a3 b6 − a6 b3)(a4 b5 − a5 b4).
3. These five polynomials determine a rational map ϕ :
(
P1C
)699K P4C.
4. Consider the open set
U = {(m1, . . . ,m6) : no four of the points mi coincide} ⊆ (P1C)6 .
5. The image of ϕ|U , namely the restriction of ϕ to U , gives an embedding
of M6 in P4C.
Summing up, once we fix a 6-tuple ~A of distinct points in R3, we can associate
to each direction ε ∈ S2 the image (under the quotient map ϕ) of the projected
6-tuple piε( ~A). In this way we construct a map from S2 to M6. In order to make
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it a morphism between projective varieties, we identify S2 with the conic C =
{x2 + y2 + z2 = 0} in P2C. We obtain a map f ~A : C −→M6.
If we write Ai = (si, ti, ui) and we set for all i, j ∈ {1, . . . , 6} with i < j
Hij = (si − sj)x+ (ti − tj) y + (ui − uj) z,
then the components of f ~A have the following structure:
(3)
(
f ~A
)
0
= H12 H36 H45(
f ~A
)
1
= H14 H23 H56(
f ~A
)
2
= H16 H25 H34(
f ~A
)
3
= H16 H23 H45(
f ~A
)
4
= H12 H34 H56
From this explicit description we see that in particular this map is algebraic.
Definition 1.5. The regular map f ~A : C −→ M6 we obtain is called the photo-
graphic map of ~A.
Definition 1.6. Let ~A be a 6-tuple of distinct points in R3 — from now on we will
omit the adjective “distinct”, but throughout the paper we will always consider this
situation. The image of the photographic map f ~A is a rational curve in M6, that
we call the Möbius curve of ~A.
Remark 1.7. As noticed in [GNS14], the map f ~A is a morphism of real varieties, namely it
respects the real structures of C andM6 induced by the standard ones of P2C and P4C,
respectively.
Fact. One can prove that M6 is embedded in P4C as a cubic threefold, called the
Segre cubic primal, whose equation is
x0x1(x0 + x1 + x2 + x3 + x4)− x2x3x4 = 0.
The threefold M6 contains exactly 15 planes, corresponding to equivalence classes
of configurations (m1, . . . ,m6) where mi = mj for some i 6= j. Furthermore, the
maximum possible number of nodes for a cubic hypersurface in P4C, namely 10,
is attained by the Segre cubic. The nodes correspond to configurations of points
(m1, . . . ,m6) where three points coincide, and are the only singular points of M6.
There are
(
6
3
)
= 20 such configurations, but the following phenomenon happens
in M6: if we partition {1, 2, 3, 4, 5, 6} = {i, j, k} ∪ {u, v, w}, then configurations of
points for which mi = mj = mk are sent by the quotient map ϕ :
(
P1C
)699K M6 to
the same point of M6 as configurations of points for which mu = mv = mw.
The interested reader can find proofs and explanations for the stated facts
in [Dol12, Chapter 9, Subsection 9.4.4].
By construction, whenever a hexapod Π admits an inversion or similarity bond,
then the Möbius curves of its base and platform intersect. However, due to the
construction of the moduli space M6, this is not the only situation when we get
intersections between the two curves: suppose in fact that Π admits three collinear
base points, say P1, P2 and P3, and three collinear platform points, say p4, p5 and p6,
so that we have a butterfly bond; then the Möbius curves intersect in a node ofM6,
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since the projections along the lines
−−−−−→
P1P2P3 and −−−−→p4p5p6 determine configurations
in R2 where three points coincide.
1.2.2. Properties of the photographic map. The following two lemmata, in analogy
with Lemma 3.7 and 3.8 in [GNS14], describe the possible behavior of the photo-
graphic map. The proof technique is similar to the one in [GNS14], but we report
the proofs for self-containedness purposes.
Lemma 1.8. Let ~A = (A1, . . . , A6) be a 6-tuple of points in R3. If the {Ai} are
not coplanar, then the photographic map f ~A : C −→ M6 is birational to a rational
curve of degree 6 or 4 in M6.
Proof. We notice that if the lines
−−−→
AiAj and
−−−→
AkAl are parallel, then the factors Hij
and Hkl in Eq. (3) differ only by a scalar. This means that in particular situations,
when some of the Ai are collinear, the components of f ~A can have factors in common
that can be simplified, reducing the degree of the map. Hence we partition the set of
possible configurations in two cases, depending on the number of common factors
of the components of f ~A. Notice that, since we assume that the points are not
coplanar, it can never happen that 5 or all 6 points are collinear.
Case (a): Here no 4 points are collinear. In this case the components of f ~A do not
have any factor in common, so
deg
(
f ~A(C)
) · deg (f ~A) = 6.
Thus there are only four possibilities: either f ~A is 6 : 1 to a line, or it is
3 : 1 to a conic, or it is 2 : 1 to a cubic curve, or 1 : 1 to a sextic curve. We
prove that the first three situations can never happen. First of all, notice
that there are exactly two directions in R3 for which the images of Ai
and Aj under the projection coincide, namely the directions of the oriented
lines
−−−→
AiAj and
−−−→
AjAi. Denote by Tij the plane in M6 of classes of 6-tuples
(m1, . . . ,m6) wheremi = mj (see the Fact in Subsection 1.2.1). Then there
are exactly 2 points in C that are mapped to the plane Tij — and they
are complex conjugate, since complex conjugation in C corresponds to the
antipodal map in the unit sphere S2 ⊆ R3.
If f ~A is 3 : 1 or 6 : 1, then those two points have to be branching points
of f ~A. Setting Ai = (si, ti, ui) one can check that
f−1~A (Tij) =
{
(x : y : z) ∈ C : Hij(x, y, z) = 0
}
,
where we recall that Hij = (si−sj)x+(ti− tj) y+(ui−uj) z. If the points
in the preimage of Tij are branching points, then the line {Hij = 0} ⊆ P2C
should intersect C tangentially at those points. However, this is impossible,
since both C and the line are real varieties, so if they are tangent their
intersection point is real, but C has no real points. In this way we rule out
the 3 : 1 and the 6 : 1 case.
Suppose now that f ~A is 2 : 1. We are going to show that ~A should
be planar, contradicting the hypothesis. In fact, by assumption f ~A factors
through an involution of C — the one swapping the fibers of f ~A; one can
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show that such involution is a real automorphism of C, and hence corre-
sponds to a rotation by 180 degrees of the unit sphere S2 along some axis `.
The fibers f−1~A (Tij) are invariant under the involution, so they are contained
in the subset of S2 invariant under the rotation, namely the intersection
S2 ∩ ` together with the maximal circle in S2 lying on a plane orthogonal
to `. A case-by-case analysis proves that all direction
−−−→
AiAj belong to such
maximal circle, this implying that ~A is planar. Hence the birational case is
the only possible.
Case (b): Here exactly 4 points are collinear. In this case the components of f ~A
have one factor in common, leading to
deg
(
f ~A(C)
) · deg (f ~A) = 4.
We have three possibilities: either f ~A is 4 : 1 to a line, or it is 2 : 1 to
a conic, or 1 : 1 to a quartic curve. Arguing as in Case (a) we prove the
statement. 
Lemma 1.9. Let ~A = (A1, . . . , A6) be a 6-tuple of points in R3. If the {Ai} are
coplanar, but not collinear, then the photographic map f ~A : C −→ M6 is 2 : 1 to a
rational curve of degree 3, 2 or 1 in M6.
Proof. Since ~A is planar, then all directions
−−−→
AiAj belong to a maximal circle of
the unit sphere S2. Let ` be the line through the origin orthogonal to the plane
spanned by such maximal circle. Reversing the argument in the proof of Lemma 1.8,
Case (a) one can prove that the map f ~A factors through the 2 : 1 involution τ of C
determined by the rotation of S2 by 180 degrees around `. Then we have f ~A = g ~A◦τ .
From now on the proof works as in Lemma 1.8, and the following cases arise:
Case (a): Suppose that no 4 points of ~A are collinear. Then the components of f ~A
do not have any factor in common, and g ~A is birational to a cubic.
Case (b): Suppose that 4 points of ~A are collinear, but no 5 points are so. Then the
components of f ~A have exactly one factor in common, and g ~A is birational
to a conic.
Case (c): Suppose that 5 points of ~A are collinear. Then the components of f ~A
have exactly two factors in common, and g ~A is birational to a line. 
We conclude this section by showing that the photographic map of some 6-
tuples of points extends to a morphism defined on the whole plane P2C. From this
we deduce geometric constraints for Möbius curves. We hope that this can be the
first step towards a complete geometric characterization of Möbius curves as curves
inM6. We focus on the case when Möbius curves are of degree 6, which is the most
interesting for our application.
Lemma 1.10. Let ~A be a 6-tuple of points in R3 and let f ~A : C −→ M6 be its
photographic map, where the resulting Möbius curve is of degree 6. Then f ~A extends
to a morphism F ~A : P
2
C −→M6.
Proof. We only need to prove that the map F ~A does not have base points in P
2
C.
Recall the structure of the map f ~A described by Eq. (3): we infer that a base point
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has to vanish on at least one polynomial Hij for each component of F ~A. A direct
inspection shows that this would imply that at least 4 points of ~A are collinear,
but this is impossible because by Lemma 1.8 the curve D would not have degree 6,
contradicting the hypothesis. 
Proposition 1.11. Let D be a smooth Möbius curve of degree 6. Then
· D can be defined by real polynomials, but has no real points;
· D is contained in a linear projection, defined by real polynomials, of the
third Veronese embedding of P2C.
Proof. By construction D is a real variety, since f ~A is a real map and C is a real
variety; since D is smooth and using Lemma 1.8 we have that f ~A is an isomorphism,
hence D has no real points, because this holds for C. Eventually from Lemma 1.10
we get that D is contained in a linear projection, defined by real polynomials, of the
third Veronese embedding of P2C, which is real by construction. One notices that
such projections is the complete intersection ofM6 with another cubic hypersurface.

1.3. An upper bound for the conformal degree. We have now all the tools
needed to prove the bound on the conformal degree of a hexapod (Theorem 1.34).
We split the argument in two parts: first we prove that the conformal degree of
a hexapod Π is less than or equal to twice the number of intersections of the
Möbius curves of the base and platform of Π (Theorem 1.12); then we show that
such intersection cannot be composed by more than 14 points (Proposition 1.33).
For our proofs to work we need to exclude some degenerate cases — planarity,
equiformity and a certain kind of collinearity.
The reader should be warned about the length of these two proofs.
Theorem 1.12. Let Π be a mobility one hexapod. Let D1 = f~P (C) and D2 = f~p(C)
be the Möbius curves of its base and platform. Suppose that Π is non-planar, non-
equiform and no 4 base or platform points are on a line. Then
degKΠ ≤ 2 deg(D1 ∩D2),
where the intersection D1 ∩D2 is meant scheme-theoretically, namely the points of
intersection are counted with multiplicity.
Proof. Informally, the proof goes as follows: the degree of KΠ is computed by inter-
secting it with a hyperplane, and we choose the hyperplane defining the boundary B
of X. This intersection, as we will see, should be counted twice, and this means
that the degree of KΠ is bounded by twice the number of bonds of Π. Eventually,
bonds correspond to common images of the photographic maps, so the statement
follows.
In order to make the argument precise, we need to rephrase the analysis of
bonds carried out in [GNS15] in a scheme-theoretical way. We start by noticing
that the hyperplane L defining the boundary B is totally tangential to X, namely
the scheme-theoretical intersection X∩L has a non-reduced structure, and we have
B = (X ∩ L)red; moreover, as divisors on X, it holds 2B = X ∩ L. All these
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results can be proved via a direct computation using, for example, Gröbner bases.
Therefore, if K˜Π denotes the top-dimensional part of KΠ — namely K˜Π is an
equidimensional scheme of dimension one — we have that:
degKΠ = deg K˜Π = deg
(
K˜Π ∩ L
)
≤ deg (KΠ ∩ L)
= deg (HΠ ∩X ∩ L)
≤ 2 deg (HΠ ∩B) .
The last inequality follows from the general fact that if Y1 and Y2 are two divisors
of X satisfying Y2 = 2Y1, then for any subvariety Z of X we have deg (Y1 ∩ Z) ≤
2 deg (Y2 ∩ Z). The scheme BΠ = HΠ ∩B is the scheme of bonds of Π, and we are
going to prove that the number deg (HΠ ∩B) is less than or equal to the degree of
the intersection D1∩D2 of the two Möbius curves of Π. To reach this goal, we need
to connect the boundary B of X to the curve C ⊆ P2C used in Definition 1.5 by
means of a rational map B 99K C × C. As we already reported in Subsection 1.1,
to every inversion, similarity and butterfly point we can associate two directions
in R3, and since we use the curve C as a model for the unit sphere S2 ⊆ R3, this
means that to every such point we can associate two elements v, w ∈ C. Notice that
our assumption on the hexapod Π rules out the existence of collinearity bonds, and
so it is harmless to exclude them from the picture. Using the notation introduced
in [GNS15, Sections 2.1 and 2.3], we can write
B =
{
(h : M : x : y : r) :
h = 0, MMT = MTM = 0
MT y = Mx = 0, 〈x, x〉 = 〈y, y〉 = 0
}
.
If we define
B′ = B \
(
{collinearity points} ∪ {vertex}
)
,
then we get
B′ =
{
β ∈ B : M 6= 0 or (x 6= 0 and y 6= 0)
}
.
If β ∈ B′, then there exist v, w ∈ C and λ, µ, α ∈ C such that
(4) M = α vwT , x = µw, y = λx,
and from the definition of B′ we get that either α 6= 0 or λµ 6= 0. We define the
algebraic map
δ : B′ −→ C × C
(0 : M : x : y : r) 7→ (v, w)
Notice that the fiber of δ over a point (v, w) is parametrized by
δ−1(v, w) ∼= {~ω = (α : λ : µ : r) ∈ P3C : α 6= 0 or λµ 6= 0}.
This allows to conclude that B′ forms an open subvariety of a P3C-bundle over C×C.
As remarked before, our hypotheses imply that the scheme of bonds BΠ = B ∩HΠ
is a closed subscheme of B′.
Claim. The map δ|BΠ is an isomorphism.
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In order to prove the claim, we need to rephrase the so-called pseudo spherical
condition, introduced in [GNS15, Definition 3.6]. The pseudo spherical condition
imposed by a pair (Pi, pi) on a bond (0 : M : x : y : r) reads as
r − 2 〈Mpi, Pi〉 − 2 〈Pi, y〉 − 2 〈pi, x〉 = 0.
Using Eq. (4), and setting Wi = PTi w and Vi = pTi v yields
r − 2αWiVi − 2µWi − 2λVi = 0.
The scheme BΠ is cut out by these 6 pseudo spherical conditions for i = 1, . . . , 6.
Hence, if we define the 4× 6 matrix
NΠ(v, w) =

W1 V1 W1 V1 1
...
...
...
...
W6 V6 W6 V6 1
 ,
then the scheme BΠ is locally defined by{
(v, w, ~ω) ∈ V × V ×W : NΠ(v, w) · ~ω = 0
}
,
where V and W are suitable open subvarieties of C and P3C respectively, and ~ω =
(α : λ : µ : r). We restate our previous claim.
Claim. The map δ maps BΠ isomorphically to the scheme in C×C cut out by the
4× 4 minors of NΠ.
We prove that the rank of the matrix NΠ(v, w) is always at least 3. In fact, if the
rank is 1 then the collinearity hypothesis is violated (all Wi would be equal, and
the same for the Vi); if the rank is 2, then the planarity condition is violated (this
can be deduced by a direct computation, imposing that the second column of NΠ
is a linear combination of the third and the fourth). Hence the rank of NΠ(v, w)
is greater than of equal to 3. Notice that column operations on NΠ correspond to
projective transformations in the fibers of δ, while row operations on NΠ correspond
to the choice of a different system of generators for the ideal of BΠ. Hence we can
reduce to the case when NΠ has the form
NΠ(v, w) =

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 G1(v, w)
0 0 0 G2(v, w)
0 0 0 G3(v, w)

,
where Gi(v, w) are rational functions on C×C. The local description of BΠ becomes{
(v, w, ~ω′) :
~ω′ = (0 : 0 : 0 : r′) for some r′ 6= 0, and
G1(v, w) r
′ = G2(v, w) r′ = G3(v, w) r′ = 0
}
,
while the zero locus of the 4× 4 minors of NΠ is locally given by{
(v, w) : G1(v, w) = G2(v, w) = G3(v, w) = 0
}
,
and one sees that these two schemes are isomorphic.
The proof is then complete once we are able to show the following.
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Claim. The image of BΠ under δ is contained in the pullback of the two photo-
graphic maps f~p, f~P : C −→M6.
Notice that the fact that Π is supposed to be non-equiform implies that the Möbius
curves of ~p and ~P are different. The pullback of the two maps is{
(v, w) ∈ C × C : f~p(v) = f~P (w)
}
.
The coordinates of f~p(v) are obtained by substituting each term Hij by Vi −Wj
in the general formula from Eq. (3); for f~P (w) one just needs to consider Wi −Wj
instead. Then the pullback is the scheme cut out by the 2×2 minors of the following
2× 5 matrix:(
W12,36,45 W14,23,56 W16,25,34 W16,23,45 W12,34,56
V12,36,45 V14,23,56 V16,25,34 V16,23,45 V12,34,56
)
,
where Wij,kl,mn = (Wi −Wj)(Wk −Wl)(Wm −Wn) and similarly for Vij,kl,mn. A
direct computation (for example, with the aid of Gröbner bases) shows that the
ideal generated by such 2 × 2 minors is contained in the ideal of the 4 × 4 minors
of NΠ. This settles the claim and hence concludes the proof. 
Remark 1.13. We cannot hope for equality in the last claim in the proof of Theorem 1.12.
In fact, consider one of the 15 planes in M6 (see the Fact in Subsection 1.2.1), and
suppose it parametrizes classes of tuples (m1, . . . ,m6) where mi = mj ; then the
projection from such a plane maps M6 to P1C, and the latter has a modular inter-
pretation as M4, namely the moduli space of 4-tuples (m1, . . . , m̂i, . . . , m̂j , . . . ,m6)
obtained by removing mi and mj . Then the images of f~p(v) and f~P (w) under the
projection from the plane of classes with ms = mt coincide if and only if
(5) (Wi −Wj)(Wk −Wl)(Vi − Vl)(Vk − Vj)−
− (Vi − Vj)(Vk − Vl)(Wi −Wl)(Wk −Wj) = 0,
where {i, j, k, l}∪{s, t} = {1, . . . , 6}. On the other hand, the left-hand-side of Eq. (5)
is a 4× 4 minor of NΠ. In fact, if we select the submatrix with rows of index i, j, k
and l and we perform column operations we obtain
0 0 0 1
WjVj −WiVi Wj −Wi Vj − Vi 1
WkVk −WiVi Wk −Wi Vk − Vi 1
WlVl −WiVi Wl −Wi Vl − Vi 1
 ,
and a direct computation proves the equality. As it is shown in the second claim of
the proof, the zero locus of these minors is image of BΠ under δ.
On the other hand, there are points in the pullback of f~p and f~P for which not
all the cross-ratios of Eq. (5) are equal: suppose in fact the points p1, p2 and p3 are
collinear along the direction v, and the points P1, P2 and P3 are collinear along the
direction w; then f~p(v) and f~P (w) coincide with one of the nodes of M6, indepen-
dently of the projections of the other points; hence it is possible to have situations
in which not all the 15 cross-ratios coincide, but still we have an intersection of the
two Möbius curves.
Next, we estimate the number of intersections of two Möbius curves of degree 6
that satisfy some non-degeneracy conditions, and we show that this number is
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always less than or equal to 14 (see Proposition 1.33). To clarify why such a bound
should hold, let us consider D1 and D2, two Möbius curves of degree 6. As we will
point out later, there always exist at least two quadrics passing through each of
them. In general, the quadrics passing through D1 will be different from the ones
passing through D2; up to swapping the roles of D1 and D2, in general there will
be a quadric Q containing D1, but not D2. In this case
|D1 ∩D2| ≤ |Q ∩D2| ≤ 12.
Instead, as we are going to see, we reach 14 intersections when D1 and D2 are
the two components of a curve of degree 12, complete intersection of two quadrics
and M6. Unfortunately, proving that the bound holds in all cases requires the
analysis of several particular situations3, so we break the proof of Proposition 1.33
into a sequence of lemmata. These intermediate results are essentially of two kinds:
either they predicate some property of subvarieties of P4C containing a Möbius curve,
or they prove that the bound holds in some particular sub-case.
Recall that we denote by Tij the plane inM6 parametrizing the classes of 6-tuples
(m1, . . . ,m6) in P1C such that mi = mj .
Lemma 1.14. Let D be a Möbius curve of degree 6. Then D cannot be contained
in a plane.
Proof. Suppose D ⊆ E, where E is a plane in P4C. We distinguish two cases:
a. The plane E is completely contained in M6. Then E is one of the 15
planes Tij . Write D = f ~A(C), then the projections of the points Ai and Aj
along any direction coincide, and this is possible only if Ai = Aj , but we
only consider 6-tuples ~A of distinct points, so we get an absurd. Notice
that in this case we did not make use of the assumption on the degree of D.
b. The plane E is not contained inM6. ThenM6∩E is at most a cubic curve,
but this is in contrast with the assumption on the degree of D. 
Therefore a degree 6 Möbius curve lies on at most one hyperplane in P4C.
Lemma 1.15. Let D1 and D2 be two distinct degree 6 Möbius curves, and suppose
that D1 lies on a hyperplane H. If D2 is not contained in H, then |D1 ∩D2| ≤ 6.
Proof. By assumption |D1 ∩D2| ≤ |H ∩D2| ≤ 6. 
From the discussion so far we see that if one of the two Möbius curves lies on a
hyperplane, then the bound of 14 intersections holds provided that the other is not
contained in the same hyperplane. Now we consider the latter case, and prove that
the bound still holds.
Lemma 1.16. Let D be a degree 6 Möbius curve. Then D cannot be contained in
a surface of degree 2 completely contained in M6.
3In a first draft of this paper we tried to give an all-embracing argument, but we were not able
to obtain a complete proof.
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Proof. The proof is based on a photographic description of surfaces of degree 2
in M6 (see also Remark 1.13). Let S ⊆M6 be a surface of degree 2. Then S spans
a hyperplane H in P4C, and by degree reasons M6 ∩H = S ∪E, where E is a plane.
Hence E is one of the 15 planes Tij in M6. Consider the rational map P4C 99K P1C
defined by the hyperplanes through E: its restriction to M6 has a photographic
meaning, namely it sends the class of a tuple (m1, . . . ,m6) to the class of the tuple
(m1, . . . , mˆi, . . . , mˆj , . . . ,m6) — i.e. we remove the points mi and mj — in M4,
identified with P1C. Moreover, by construction S is a fiber of such map. Therefore a
Möbius curve D = f ~A(C) of degree 6 cannot lie in S, because otherwise the cross-
ratio of the projections of the points A1, . . . , Aˆi, . . . , Aˆj , . . . , A6 along any direction
in R3 would stay constant; this is only possible if four points in ~A are collinear,
which is excluded by Lemma 1.8. 
Lemma 1.17. Let D be a degree 6 Möbius curve contained in a hyperplane H.
Then H ∩M6 is an irreducible cubic surface.
Proof. Suppose that Y = H ∩M6 is reducible, then either Y = S ∪ E where E
is a plane and S is a surface of degree 2, or Y = E1 ∪ E2 ∪ E3 where the Ei are
planes. In both cases a Möbius curve, which is irreducible, cannot lie in any of the
components of Y because of Lemma 1.14 and Lemma 1.16. 
From now on, for a Möbius curve D contained in a hyperplane H we define
Lij = H ∩ Tij . We know that all Lij are lines (and not planes), because by
Lemma 1.17 the hyperplane H cannot contain any of the planes Tij .
Remark 1.18. Consider a Möbius curve D = f ~A(C) such that D ∩ Tij ∩ Tkl 6= ∅ for
pairwise distinct i, j, k, l ∈ {1, . . . , 6}, i.e. |{i, j, k, l}| = 4. Then, by construction of
the photographic map, the lines
−−−→
AiAj and
−−−→
AkAl are parallel.
Definition 1.19. We say that a 6-tuple ~A is non-parallel if there do not exist
pairwise distinct i, j, k, l ∈ {1, . . . , 6} such that the lines −−−→AiAj and −−−→AkAl are parallel.
We say that a Möbius curve D = f ~A(C) is non-parallel if ~A is so.
Lemma 1.20. Let D be a degree 6 Möbius curve contained in a hyperplane H, and
suppose that D is non-parallel. Then all 15 lines {Lij} are distinct.
Proof. Suppose Lij = Lkl. First of all, notice that this can happen only if all i, j, k, l
are distinct, since if |i, j, k, l| = 3 with i 6= j and k 6= l, then Tij and Tkl meet only
in a point. Then
Lij = Lkl = Tij ∩ Tkl.
Since D = f ~A(C) meets every Tij in two (not necessarily distinct) points — given
by the projections long the directions
−−−→
AiAj and
−−−→
AjAi — then D would meet Lij
and Lkl, but this contradicts the assumption that D is non-parallel. 
Lemma 1.21. Let D be a degree 6 Möbius curve contained in a hyperplane H, and
suppose that D is non-parallel. Then
a. if |{i, j, k, l}| = 4, then Lij ∩ Lkl = {point};
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b. if |{i, j, k, l}| = 3 with i 6= j and k 6= l, then Lij ∩ Lkl = {point} if and
only if the hyperplane H passes through the node of M6 corresponding to
configurations (m1, . . . ,m6) for which mi = mj = mk = ml; otherwise
Lij ∩ Lkl = ∅.
Proof. The statement follows from the definition of the lines Lij , from the fact that
they are all distinct (Lemma 1.20) and from the fact that in Case a. the planes Tij
and Tkl intersect in a line, while in Case b. the planes Tij and Tkl intersect in a
point, a node of M6. 
Remark 1.22. Let D be a degree 6Möbius curve contained in a hyperplane H, and suppose
that D is non-parallel. Then H can pass through at most one node ofM6. In fact, if
H passes though two nodes, then H contains a line of the form Tij ∩Tkl; this implies
that D intersects Tij ∩ Tkl, which contradicts the hypothesis that D is non-parallel.
We are now going through all the possible cases for an irreducible cubic surface
S = H ∩M6 obtained by intersecting M6 with a hyperplane containing a degree 6
non-parallel Möbius curve D.
First we analyze the case when S is a singular cubic with non-isolated singu-
larities (see for example [BW79, Case E]): here S is either a cone or a projection
of a cubic scroll in P4C. In the first case, all lines of S meet, but this contradicts
Lemma 1.21, which asserts that some lines in S do not meet. In the second case
there exists a pencil of pairwise disjoint lines, each of which intersects two other spe-
cial lines on the surface; this case is again ruled out by Lemma 1.21, which implies
the existence of three lines intersecting pairwise (for example, L12, L34 and L56).
Hence none of these cases can appear in our context.
We are left with the case when S is smooth, or has isolated singularities. We
start with the smooth situation.
Lemma 1.23. Let D1, D2 be two distinct degree 6 non-parallel Möbius curves.
Suppose that both D1 and D2 are contained in a hyperplane H and that S = H∩M6
is a smooth cubic surface. Then |D1 ∩D2| ≤ 14.
Proof. Let D be a Möbius curve as in the hypothesis. Since S is smooth, we can
express it as the blowup of P2C at 6 points q1, . . . , q6 in general position such that
its Picard group is generated by 〈L,E1, . . . , E6〉— where each Ei is the class of the
exceptional divisor over qi, and L is the class of the strict transform of a line in P2C,
so we have the relations
L2 = 1, E2i = −1, Ei · L = 0, Ei · Ej = 0 if i 6= j.
Moreover, denoting by [ · ] the class in Pic(S) of a divisor, we can put ourselves in
the situation where
[Lij ] = L− Ei − Ej .
There exist integers k and e1, . . . , e6 such that
[D] = k L− (e1E1 + · · ·+ e6E6).
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Since D intersects each Lij in 2 points,
k − ei − ej = 2 ∀i, j.
From this we deduce that
ei = m ∀i, k = 2m+ 2 for some integer m.
Since D is effective, then [D] · Ei ≥ 0 for all i, and [D] · (2L− E1 − · · · − E5) ≥ 0,
so 0 ≤ m ≤ 4. We are going to exclude the cases m = 0 and m = 4. If m = 0,
then [D] = 2L. Recall from Lemma 1.10 that D is contained in a projection of
a Veronese surface, which is the complete intersection of M6 with another cubic
hypersurface U . Then U ∩ H is a cubic surface in P3C containing D, therefore
−3KS − [D] is effective — where KS is the canonical divisor on S; recall in fact
that S is anticanonically embedded in P3C, so [U ] = −3KS in Pic(S). But
−3KS − [D] = 3 (3L− E1 − · · · − E6)− 2L
= 7L− 3(E1 + · · ·+ E6).
On the other hand(
7L− 3(E1 + · · ·+ E6)
)
(2L− E1 − · · · − E5) < 0,
and this is absurd, since both divisors are effective. Similarly for m = 4. Hence
m ∈ {1, 2, 3}.
We are ready to prove the statement. By what we said so far, for i ∈ {1, 2} we
have [Di] = (2mi + 2)L−mi(E1 + · · ·+E6) for some mi ∈ {1, 2, 3}. One computes
[D1] · [D2] = −2(m1 − 2)(m2 − 2) + 12.
Then it follows that [D1] · [D2] ≤ 14, so the statement is proved. 
We are left with the situation when the cubic surface S = H ∩M6 has isolated
singularities. Taking into account that at least 15 different lines lie on S (see
Lemma 1.20), by the classification of cubic surfaces (see for example [BW79]) the
only possibilities are:
i. a cone over a cubic plane curve (infinitely many lines);
ii. one singularity of type A1 (21 lines);
iii. two singularities of type A1 (16 lines);
iv. one singularity of type A2 (15 lines).
We consider these cases one by one.
Lemma 1.24. Let D1, D2 be two distinct degree 6 non-parallel Möbius curves.
Then it cannot happen that both D1 and D2 are contained in a hyperplane H and
that S = H ∩M6 is a cone over a cubic plane curve.
Proof. This case is ruled out as before by the existence of non-intersecting lines
on S (see Lemma 1.21). 
Lemma 1.25. Let D1, D2 be two distinct degree 6 non-parallel Möbius curves.
Then it cannot happen that both D1 and D2 are contained in a hyperplane H and
that S = H ∩M6 is a singular cubic surface with two singularities of type A1.
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Proof. This case is ruled out by the following argument. If S is such a cubic surface,
then there are exactly 5 lines passing through each of the two A1 singularities. In
fact such a surface can be realized as the blowup of P2C at 6 points q1, . . . , q6 —
where both q1, q2, q3 and q1, q4, q5 are collinear, but involving different lines, and
q6 is in general position with respect to the other points — followed by blowing
down the (strict transforms of the) lines −−−−→p1p2p3 and −−−−→p1p4p5, which get contracted
to the two singularities. In this case, using the same notation as in Lemma 1.23,
the classes of the (strict transforms of the) 16 lines of S in the blowup of P2C at
q1, . . . , q6 are
E1, . . . , E6, (6 lines)
L− E1 − E6, . . . , L− E5 − E6, (5 lines)
L− E2 − E4, L− E2 − E5, L− E3 − E4, L− E3 − E5, (4 lines)
2L− E2 − E3 − E4 − E5 − E6. (1 line)
In this way the number of lines that pass through a singular point is given by
counting how many of the previous ones intersect one of the (−2)-curves
L− E1 − E2 − E3 or L− E1 − E4 − E5.
However, in our case from Lemma 1.21 we deduce that either we have 6 lines passing
through a singularity (and this happens when the hyperplane H passes though one
of the nodes of M6) or there are at most 2 lines passing through a point. Hence S
cannot have two A1 singularities. 
Lemma 1.26. Let D1, D2 be two distinct degree 6 non-parallel Möbius curves.
Suppose that both D1 and D2 are contained in a hyperplane H and that S = H∩M6
is a singular cubic surface with one singularity of type A1. Then |D1 ∩D2| ≤ 14.
Proof. In this case we can think of S as obtained in the following way: we blow up
P2C at 6 points q1, . . . , q6 lying on a conic, and then we blow down the (−2)-curve
2L − (E1 + · · · + E6), which gets contracted to the singular point. The classes of
the (strict transforms of the) lines on S are
E1, . . . , E6, (6 lines)
L− Ei − Ej . (15 lines)
The latter 15 lines are the classes of the lines Lij . The computation for [D1] · [D2]
goes exactly as in the smooth case because none of the lines Lij passes through the
singular point, as one can check by computing the intersection product of L−Ei−Ej
with the (−2)-curve 2L−(E1 + · · ·+E6). From this we conclude that [Dk] · [Lij ] = 2
for all i, j and for k ∈ {1, 2}, and so we can proceed as in the smooth case (see
Lemma 1.23). However, we cannot directly infer from [D1] · [D2] the number of
intersections of D1 and D2. In fact, if D1 and D2 intersect in the singular point
of S, such intersection is counted as a contribution by 1/2 — and not 1, as usual
— in [D1] · [D2]. Luckily in this situation we can exclude that m1 or m2 equals 3.
In fact, for such a value we obtain the class 8L − 3(E1 + · · · + E6), which should
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hence be effective; on the other hand also the class 2L− (E1 + · · ·+E6) is effective
since the points qi are arranged on a conic. But(
8L− 3
∑
Ei
)(
2L−
∑
Ei
)
= −2 < 0,
and this is absurd. Hence mi ∈ {1, 2}. We analyze the possible cases.
a. Either m1 = 2 or m2 = 2, then [D1] · [D2] = 12. By computing the
intersection product with the (−2)-curve 2L− (E1 + · · ·+E6) we see that
in this case either D1 or D2 does not pass through the singularity, so we
can conclude that |D1 ∩D2| ≤ 12.
b. Or m1 = m2 = 1, then [D1] · [D2] = 10. In this case both D1 and D2 pass
through the singular point, and moreover both have a node at that point.
From this we conclude that |D1 ∩D2| ≤ 14. 
Lemma 1.27. Let D1, D2 be two distinct degree 6 non-parallel Möbius curves.
Suppose that both D1 and D2 are contained in a hyperplane H and that S = H∩M6
is a singular cubic surface with one singularity of type A2. Then |D1 ∩D2| ≤ 12.
Proof. In this case we obtain S by blowing up P2C at 6 points q1, . . . , q6 such that
q1, q2, q3 are collinear and q4, q5, q6 are collinear on another line, and then blowing
down the (strict transforms of the) lines −−−−→q1q2q3 and −−−−→q4q5q6 — the latter get con-
tracted to the unique A2 singularity of S. In this case the classes of the (strict
transforms of the) 15 lines of S, which coincide with the lines Lij , are
E1, . . . , E6, (6 lines)
L− E1 − E4, . . . , L− E1 − E6, (3 lines)
L− E2 − E4, . . . , L− E2 − E6, (3 lines)
L− E3 − E4, . . . , L− E3 − E6. (3 lines)
Notice that the only lines Lij passing through the singular point are the ones whose
class is an exceptional divisor Ei, as the computation of the intersection product
with the two (−2)-classes L−E1 −E2 −E3 and L−E4 −E5 −E5 confirms. Here
the computation of [D1] · [D2] does not work as in the smooth case, due to the fact
that in the blowup of P2C at the points {qi} the (strict transforms of) the curves Di
may not intersect the (strict transforms of) the lines Lij — this depends whether
or not the curves Di pass through the singular points.
Let D be a Möbius curve with the properties of D1 and D2. Let us suppose that
D does not pass through the singular point of S. Then we know that in the blowup
of P2C at the points {qi} we have [D] · [Lij ] = 2 for all i 6= j. If we write
[D] = k L− (e1E1 + · · ·+ e6E6),
then the previous conditions translate into
[D] · Ei = 2 for all i ∈ {1, . . . , 6},
[D] · (L− Ei − Ej) = 2 for all i ∈ {1, 2, 3}, j ∈ {4, 5, 6}.
This forces k = 6 and ei = 2 for all i, so [D] = 6L − 2(E1 + · · · + E6). Suppose
now that D passes through the singular point. Notice that the fact that both D
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and each Lij are real implies that their intersection is real; moreover, the fact that
D = f ~A(C) where f ~A is a real map and C is a real variety without real points
implies that it cannot happen that D intersects an Lij transversely at the singular
point and then in another different point, or tangentially at the singular point. The
only possibility is that D has an ordinary node at the singular point. As we pointed
out before, the Lij passing through the singular point are the ones whose class is
some Ei — this is compatible with the situation when the hyperplane H passes
through a node of M6, since as pointed out in Case iii. here we have 6 lines passing
through the node. Therefore
[D] · Ei = 0 for all i ∈ {1, . . . , 6}.
Moreover in this case the strict transform of D meets the two (−2)-curves in two
points, so
[D] ·
(
(L− E1 − E2 − E3) + (L− E4 − E5 − E6)
)
= 2.
The result is that [D] = L. Summing up, we have the following scenarios:
a. Both D1 and D2 do not pass through the singular point. Then [D1] · [D2] =
12, so |D1 ∩D2| ≤ 12.
b. Only D1 (or D2) passes through the singular point. Then [D1] · [D2] = 6
and so |D1 ∩D2| ≤ 6.
c. Both D1 and D2 pass through the singular point, and have a node there.
Then [D1] · [D2] = 1, and |D1 ∩D2| ≤ 1 + 4 = 5. 
The discussion so far proves that the bound on the intersection of two non-
parallel degree 6 Möbius curves holds if one of them is contained in a hyperplane
of P4C. Hence from now on we can suppose that both curves D1 and D2 do not lie
on any hyperplane. Riemann-Roch predicts that there are at least 2 quadrics in the
ideal of a smooth rational curve of degree 6 in P4C (for more details, see the proof of
Lemma 2.3); this is true also in the singular case, because in that situation we have
an injective homomorphism H0
(
Di,ODi(2)
)−→ H0(P1C,OP1C(12)). Thus each Di is
contained in a pencil of quadrics.
Lemma 1.28. Let D be a degree 6 non-parallel Möbius curve not contained in any
hyperplane. Let Q be a pencil of quadrics containing D. Then the base locus of Q
is a quartic surface.
Proof. If the base locus of Q were of dimension 3, then it would be a component
of each of the quadrics in Q, hence all of them would split into two hyperplanes.
But by assumption D is not contained in any hyperplane, so the base locus has
dimension 2. Then the latter is a complete intersection, and from Bezout’s theorem
it has degree 4. 
In Lemma 1.29 and Lemma 1.30 we discuss the situation when the base locus S
of a pencil of quadrics passing through a Möbius curve is irreducible; in particular
we prove that the bound holds when S is not contained in M6, while the case
S ⊆M6 cannot occur.
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Lemma 1.29. Let D1 and D2 be two distinct degree 6 non-parallel Möbius curves
not contained in any hyperplane. Suppose that there is a pencil Q of quadrics
containing D1 whose base locus S is irreducible and not contained in M6. Then
|D1 ∩D2| ≤ 14.
Proof. Here D1 is a component of the curve Z = S ∩ M6, which is a complete
intersection of degree 12 by Lemma 1.28 and Bezout’s theorem. If D2 coincides
with the other component of Z, then the second part of Lemma 2.6 proves that
|D1 ∩D2| = 14. If this is not the case, then there exists at least a quadric Q passing
through D1, but not passing through D2. Hence
|D1 ∩D2| ≤ |Q ∩D2| ≤ 12. 
Lemma 1.30. Let D be a degree 6 non-parallel Möbius curve not contained in any
hyperplane. Let Q be a pencil of quadrics containing D and suppose that its base
locus S is contained in M6. Then S is reducible.
Proof. Suppose instead that S is irreducible. Pick any quadric Q in the pencil Q:
then the intersection Q ∩M6 is the union of S and a surface S′ of degree 2. We
claim that it is always possible to choose Q such that S′ splits in the union of two
planes. In fact, each S′ spans a hyperplane H, so that H ∩M6 = S′∪E, where E is
a plane. Since the set of planes in M6 is discrete, by continuity we obtain that the
plane E is always the same, regardless of which Q ∈ Q we start with. Therefore
the one-dimensional family of surfaces S′ is obtained by cutting M6 with the pencil
of hyperplanes through the plane E. A direct computation — for example taking
the plane x0 = x4 = 0, where the xi are coordinates in P4C — shows that in such
one-dimensional family there are always reducible members. Hence we can select
Q ∈ Q such that, after a possible rearrangement of the indices,
Q ∩M6 = S ∪ T12 ∪ T34.
We intersect both sides of the previous equality with the plane T56: on the left
we obtain either a conic (if T56 is not contained in Q) or the plane T56 itself (if
T56 ⊆ Q), while on the right we get the union of S ∩ T56, T12 ∩ T56 (a line) and
T34 ∩ T56 (another line). Since S is irreducible by assumption, then T56 cannot be
contained in S, so S∩T56 can be either a curve, or a finite set of points. This forces
the left hand side Q ∩ T56 to be a conic. In turn, this implies that S ∩ T56 has to
be contained in the union of the two lines T12 ∩ T56 and T34 ∩ T56. On the other
hand, since D ⊆ S and D intersects T56 in two points, then D should intersect one
of the two lines T12 ∩ T56 and T34 ∩ T56, but this contradicts the assumption that
D is non-parallel. Hence S cannot be irreducible. 
Hence we are left with the case when the base locus S is reducible. We notice
that it cannot happen that S is contained in M6 and at the same time splits into
the union of two surfaces of degree 2, because by Lemma 1.16 no Möbius curve of
degree 6 can lie on a degree 2 surface contained in M6. The only remaining cases
are when S = S′ ∪ S′′ with both S′ and S′′ surfaces of degree 2, but S 6⊆ M6, or
S = E ∪ S′ where E is a plane and S′ is a cubic surface.
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Lemma 1.31. Let D1 and D2 be two distinct degree 6 non-parallel Möbius curves
not contained in any hyperplane. Suppose that there is a pencil Q of quadrics
containing D1 whose base locus S is not contained in M6 and splits into the union
S = S′ ∪ S′′ of two surfaces of degree 2. Then |D1 ∩D2| ≤ 14.
Proof. Since D1 is irreducible, then D1 ⊆ S′ or D1 ⊆ S′′. From now on we will
suppose D1 ⊆ S′. Since D1 cannot lie in a degree 2 surface contained in M6, then
S′ is not contained in M6 and hence by degree reasons D1 = S′ ∩M6. Suppose
that there exists a quadric Q ∈ Q not passing through D2; then
|D1 ∩D2| ≤ |Q ∩D2| ≤ 12.
Otherwise D2 ⊆ S. It cannot happen that D2 ⊆ S′, because otherwise we would
have D1 = D2, contradicting the hypothesis. Thus D2 ⊆ S′′, and so D2 = S′′∩M6.
Therefore D1 and D2 are the two components of the degree 12 complete intersection
Z = S ∩M6, and then the second part of Lemma 2.6 concludes the proof. 
Lemma 1.32. Let D1 and D2 be two distinct degree 6 non-parallel Möbius curves
not contained in any hyperplane. Suppose that there is a pencil Q of quadrics
containing D, whose base locus S splits into the union of a plane E and a cubic
surface S′. Then |D1 ∩D2| ≤ 14.
Proof. By Lemma 1.14, the curveD1 cannot be contained in the plane E, soD ⊆ S′.
Suppose that S′ is not contained in M6. There are several possibilities.
a. The intersection Z = S′∩M6 is a curve of degree 9. ThenD1 is a component
of such curve. This implies that there is a quadric Q ∈ Q not passing
through D2, because otherwise we would have D1 = D2. Hence
|D1 ∩D2| ≤ |Q ∩D2| ≤ 12.
b. The cubic S′ splits into a plane E′ and a surface S′′ of degree 2, and S′′ is
contained in M6. This case cannot happen, since D1 neither can lie on a
plane, nor on a degree 2 surface contained in M6.
c. The cubic S′ splits into a plane E′ and a surface S′′ of degree 2, and S′′ is
not contained in M6. Then D1 = S′′ ∩M6. This implies that there exists a
quadric Q ∈ Q not passing through D2, because otherwise we would have
D1 = D2. Hence
|D1 ∩D2| ≤ |Q ∩D2| ≤ 12.
The last case that needs to be treated is the one where S′ is contained inM6. Then
S′ is irreducible, because D′ cannot lie on planes or surfaces of degree 2 contained
in M6 (see Lemma 1.14 and 1.16). Hence S′ is a cubic scroll — maybe singular,
namely a cone over a rational cubic plane curve. Thus S′ admits a determinantal
representation as the zero set of the 2× 2 minors of a 2× 3 matrix of linear forms.
We consider the intersection of S′ with the planes Tij : first of all, each Tij is
not contained in S′, because otherwise S′ would be reducible. By restricting the
determinantal representation of S′ to Tij we see that Lij = S′ ∩ Tij is defined by
three quadratic equations in Tij , so it is either a finite set of points, or a line,
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or a conic. On the other hand if {i, j, k, l,m, n} = {1, . . . , 6} then there exists a
hyperplane H in P4C such that H ∩M6 = Tij ∪ Tkl ∪ Tmn. Therefore
H ∩ S′ = (S′ ∩ Tij) ∪ (S′ ∩ Tkl) ∪ (S′ ∩ Tmn) = Lij ∪ Lkl ∪ Lmn.
Since S′ is not contained in H (because D1 does not lie in any hyperplane) we have
that S′ ∩H is a cubic curve. Suppose that one among Lij , Lkl and Lmn, say Lij ,
is a finite number of points. Then, by eventually rearranging the indices, Lkl is a
line and Lmn is a conic. This implies that Lij ⊆ Lkl ∪ Lmn, but this contradicts
the hypothesis on D1 of being non-parallel. Therefore we conclude that all Lij
are lines. Moreover all lines Lij are distinct, because otherwise this would violate
the non-parallel assumption. We consider now the mutual position of the lines Lij .
First of all we notice that — analogously as in Lemma 1.21 — if |{i, j, k, l}| = 3 and
Lij meets Lkl, then they intersect at the node of M6 given by the class of 6-tuples
(m1, . . . ,m6) for which mi = mj = mk = ml. This rules out the case where S′ is
a cone, because in that case all lines in S′ meet in a single point, but on the other
hand the points L12 ∩L23 and L12 ∩L24 are different, an absurd. So S′ is smooth,
then S′ admits a pencil of mutually disjoint lines, all of which intersect one line `.
We distinguish two cases:
a. Suppose that ` does not appear among the lines Lij . Then in particular
L12, L34 and L56 are disjoint. On the other hand, as mentioned before,
L12∪L34∪L56 = H∩M6 for some hyperplane H; from [Har77, Chapter III,
Corollary 7.9] we know that a hyperplane section of S′ is connected, so this
is absurd.
b. Suppose that ` appears among the lines Lij . After a possible rearrangement
of the indices, we can suppose that ` = L12. Then L23, L45 and L16 are
disjoint, but we can repeat the argument of Case a. and see that this leads
to an absurd.
This concludes the proof of the statement. 
We sum up the previous discussion in the following proposition.
Proposition 1.33. Let D1 and D2 be two distinct degree 6 non-parallel Möbius
curves. Then |D1 ∩D2| ≤ 14.
Now we can prove the main result of this section.
Theorem 1.34. The conformal degree of a non-planar and non-equiform hexapod Π
such that both base and platform are non-parallel is at most 28.
Proof. Since Π is non-planar, then the Möbius curves D1 and D2 of base and
platform points are birational by Lemma 1.8; by the same result, using the non-
parallel hypothesis we infer that that no 4 points are on a line, and so we conclude
that both D1 and D2 have degree 6. Since Π is non-equiform, then D1 and D2
are distinct. Theorem 1.12 states that the conformal degree of Π is bounded by
2 |D1 ∩D2|, and Proposition 1.33 asserts that |D1 ∩D2| ≤ 14, so the statement is
proved. 
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2. Construction of liaison hexapods
The goal of this section is to provide a construction for a family of movable
hexapods, that we will call liaison hexapods. This will be accomplished in two
stages: first for each general choice a base we design a candidate for the platform
(Subsection 2.1), then we compute a dilation of the latter and leg lengths that
guarantee mobility for the corresponding hexapod (Subsection 2.2). We believe
that the family created in this way is maximal among movable hexapods, namely,
if we consider the set of movable hexapods as an algebraic variety, it is not contained
in any irreducible component of strictly larger dimension.
2.1. The candidate platform. We begin with the definition of the candidate
platform, once we are given a base constituted of 6 general points.
The idea for the construction is the following: in Subsection 1.2 we associated to
any 6-tuple of distinct points in R3 its Möbius curve in the moduli space M6. At
this point, we know from bond theory and from the discussion in Section 1 that the
more the Möbius curves associated to base and platform of a hexapod intersect, the
more the hexapod has the chance to be movable and the higher will be its conformal
degree. Inspired by this, we start from the curve D associated to a given general
6-tuple ~P of points in R3, and we construct from it, applying liaison techniques,
another curve D′, for which we give evidence to be the curve associated to another
tuple ~p of 6 points in R3 (unfortunately we are not able to exhibit a complete proof
of this), and that intersects D in 14 points.
At this stage, the tuple ~p is only determined up to similarities, namely rota-
tions, dilations and translations, and the right scaling factor will be fixed later in
Subsection 2.2.
We briefly glance at the concept of liaison via an example. Let D ⊆ P3C be
a projective curve. We know that I(D), the homogeneous ideal of D, cannot be
generated by less than 2 polynomials. Hence we can always pick two homogeneous
polynomials f, g ∈ I(D) such that the corresponding surfaces F = V (f) and G =
V (g) intersect in a one-dimensional projective set. Since we took f and g in the
ideal of D, we have that D ⊆ F ∩ G. The inclusion may be strict (unless D is
a so-called complete intersection), and in that case the intersection F ∩ G is the
union of D and another curve D′. We say that the curves D and D′ are linked by
Y = F ∩ G. This procedure can be applied not only to curves in P3C, but also to
curves (and higher dimensional varieties) in any projective space, as we are going
to do for the case of P4C. Linked curves share many properties, and in particular
we are interested in a relation between their degrees and genera, expressed by the
following result (see [Mig98, Chapter 3, Corollary 5.2.14]):
Proposition 2.1. Let D and D′ be two projective curves in P4C linked by a complete
intersection Y = F1 ∩F2 ∩F3 and let pa(D) and pa(D′) be their arithmetic genera.
Then
pa(D)− pa(D′) = 1
2
(d− 5)(degD − degD′),
where d = degF1 + degF2 + degF3.
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Proposition 2.1 implies in particular that if the curves D and D′ have the same
degree, then they have the same genus. This property will be used in the proof of
Lemma 2.6.
As it will be clear from several proofs in this section, the construction we are
going to propose works only if the base points to start with are sufficiently general.
We would like to make this condition precise, in order to provide later a conjecture
that is easily falsifiable.
Definition 2.2. We say that a 6-tuple of points in R3 is Möbius-general if its
Möbius curve is smooth, the ideal of the Möbius curve contains only two lin-
early independent quadratic forms, and these two quadratic forms cut out a one-
dimensional set from M6 consisting of two smooth curves.
The following lemma, together with Remark 2.5, shows that Möbius-general 6-
tuples form an open subset of the variety of 6-tuple of points in R3.
Lemma 2.3. Let ~A be a general 6-tuple of points in R3. Then the Möbius curve
of ~A is a smooth curve of degree 6 contained in the complete intersection of M6 and
two quadric hypersurfaces.
Proof. Let D be the Möbius curve of ~A. Since ~A is general, we can suppose that it
is non-planar, so from Lemma 1.8 the degree of D is 6 (because we have degree 4
only for a special choice of ~A). We prove the smoothness of D with the following
argument. What we showed so far is that for a general ~A the curve D is rational
and of degree 6; therefore, it can be thought as a point [D] in the Hilbert scheme
Hilb(P4C, 6t + 1) of subschemes of P4C with Hilbert polynomial 6t + 1. Hence we
have a map ξ : V −→ Hilb(P4C, 6t + 1), where V is a suitable Zariski-open subset
of
(
R3
)6: the map ξ associates to a 6-tuple ~A the image [D] of its photographic
map f ~A. Since smooth rational sextics form an open subset of Hilb(P
4
C, 6t + 1), if
we are able to show that for a particular 6-tuple ~A the curve D is smooth, then for
all ~A belonging to a (possibly smaller) open set W ⊆ V the Möbius curve of ~A is
smooth. One can check that if we take ~A with
A1 = (0, 0, 0), A2 = (2, 0, 0), A3 = (3, 2, 0),(6)
A4 = (2, 3, 1), A5 = (1, 2, 2), A6 = (3, 1, 3)(7)
then the obtained curve D is a smooth sextic.
Since D is smooth and rational, Riemann-Roch implies that h0(D,OD(2)) = 13,
i.e. there is at most a 13-dimensional family of quadrics cutting D in finitely many
point. There is a 15-dimensional family of quadrics in P4C, so there are at least
two linearly independent quadrics passing through D. Since in the example we just
gave we have exactly two quadrics, then this holds for a general ~A, and the same is
true for the fact that the two quadrics form a complete intersection with M6. 
Definition 2.4. Let ~A be a Möbius-general 6-tuple of points in R3. Let D be
the Möbius curve of ~A and let Y be the complete intersection of degree 12 whose
existence is ensured by Lemma 2.3. The curve D′ such that D ∪D′ = Y is called
the residual curve of D.
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Remark 2.5. The condition that also the residual curve D′ is smooth is an open condition,
and this can be proved as in Lemma 2.3, namely showing that this is true in one
example, because smoothness is an open property; one can check that the same 6-
tuple ~A that we chose in Lemma 2.3 yields a curve whose residual one is smooth.
This concludes the proof, initiated in Lemma 2.3, that a general 6-tuple ~A is Möbius-
general.
Lemma 2.6. Let ~A be a Möbius-general 6-tuple of points in R3. Let D be the
Möbius curve of ~A and let D′ be its residual curve. Then D′ is rational and of
degree 6. Moreover D and D′ intersect in 14 points.
Proof. Since ~A is Möbius-general, then the curve D′ has degree 6. From Proposi-
tion 2.1 we obtain pa(D) = pa(D′) = 0. From [Mig98, Remark 5.2.7] we have the
following exact sequence:
0 // ωD(−2) // OD∪D′ // OD′ // 0
where ωD denotes the canonical sheaf of D. Taking the associated long exact
sequence in cohomology and using the fact that pa(D′) = 0, one can prove that
h0(D′,OD′) = 1, namely D′ is connected. Since D′ is smooth by the assumption of
Möbius-generality, it is irreducible, and so rational.
We are left to prove that D and D′ intersect in 14 points. Since D ∪ D′ is a
complete intersection whose ideal is generated by two quadrics and a cubic, the
ideal sheaf ID∪D′ admits a graded free resolution given by the Koszul complex:
0 // OP4(−7) // OP4C(−4)⊕ OP4C(−5)2 // OP4C(−2)2 ⊕ OP4C(−3) // ID∪D′ // 0
A computation shows that the Euler characteristic χ
(
P4C,ID∪D′
)
equals 13, which
implies χ
(
P4C,OD∩D′
)
= 14 because of the exact sequence
0 // OD∩D′ // OD ⊕ OD′ // OD∪D′ // 0
This proves that D ∩D′ is constituted of 14 points. 
Remark 2.7. Suppose D is the Möbius curve of a 6-tuple ~A, and D′ is its residual curve.
Then D′ inherits a real structure from D. In fact, by construction D is a real curve,
so the generators of its ideal can be taken to be all real polynomials; hence the
degree 12 complete intersection Y is also a real curve, thus by construction D′ is a
real curve.
Lemma 2.3, together with Lemma 2.6 and Remark 2.7, shows that if we start from
a Möbius-general 6-tuple, then the residual curve D′ that we obtain satisfies many
of the properties that a Möbius curve needs to have (see also Proposition 1.11).
Unfortunately, we are not able to establish theoretically thatD′ is actually a Möbius
curve. On the other hand, we have strong experimental evidence that this holds;
this leads us to formulate the following conjecture.
Conjectured Lemma 1. Let ~A be a Möbius-general 6-tuple of points in R3. Let
D be the Möbius curve of ~A and let D′ be its residual curve. Then D′ is a real
variety without real points and is contained in a linear projection, defined by real
LIAISON LINKAGES 28
polynomials, of the third Veronese embedding of P2C. Moreover there exists a 6-
tuple ~B in R3 (unique up to translations, rotations and dilations) such that the
Möbius curves of ~A and ~B intersect in 14 points.
Example 2.8. If we take ~A as in the proof of Lemma 2.3, then the residual curveD′
is a Möbius curve. In fact, D′ is rational and real without real points, so we can
compute a real isomorphism f : C −→ D′, where C = {(x : y : z) : x2+y2+z2 = 0}.
One notices then that f extends to a real morphism F : P2C −→M6. The preimages
of the planes Tij are lines in P2C, and their normal vectors give the difference vectors
Bi −Bj , for a 6-tuple ~B of candidate points, where i, j ∈ {1, . . . , 6} with i 6= j. In
this way it is not difficult to get possible coordinates for the Bi, for instance:
B1 = (0, 0, 0), B2 =
(
1397624
806205 ,− 92216161241 ,− 437432806205
)
,(8)
B3 =
(
340244
161241 ,
82388
53747 ,− 835486483723
)
, B4 =
(
1341708
1236181 ,
3724594
1236181 ,− 9225141236181
)
,(9)
B5 =
(
1125372
2203627 ,
5582884
2203627 ,
2416984
2203627
)
, B6 =
(
1719522
591217 ,
824050
591217 ,
1683982
591217
)
.(10)
Eventually one checks that f = f ~B , namely f is a photographic map, so D
′ is
indeed a Möbius curve.
Remark 2.9. If the above conjectured lemma is true for a generic choice of base points,
then it is true for all Möbius-general 6-tuples of base points, because within the
Möbius-general instances, the statement that the linked curve is contained in a
linear projection of a Veronese is a closed property.
Despite we do not know whether the conjecture is true or false, we have tested it
using random numerical instances of base points, and all the results confirmed it. It
could be that we were always lucky (or unlucky) to hit a special case, but we think
that this is not very likely, hence our belief in the conjecture.
By applying Conjectured Lemma 1 to a Möbius-general 6-tuple ~P of base points
we obtain a candidate platform ~p for the construction of a movable hexapod. From
the definition of the photographic map it follows that the candidate platform can
by scaled by any non-zero factor without losing any of the properties ensured by
Conjectured Lemma 1. In the next subsection we are going to determine the right
scaling factor, together with leg lengths, leading to a movable hexapod.
2.2. The candidate scaling factor and leg lengths. Here we determine the
scaling factor for the 6-tuple of platform points obtained in Subsection 2.1 and the
leg lengths so that the resulting hexapods is movable. This is achieved using the
following technique. As introduced in Subsection 1.1, it is possible to assign to
every hexapod Π a projective subvariety KΠ of a variety X in P16C , the latter being
a compactification of the algebraic group of direct isometries of R3. Moreover, if
KΠ is a curve we can study its intersection with a particular hyperplane L of P16C ;
such intersection is constituted in general by a finite number of points, called bonds,
contained in the intersection B = L ∩ X, called the boundary. By imposing tan-
gency conditions at the bonds between the curve KΠ and this hyperplane L we
derive linear conditions on the scaling factor and on the (squares of the) leg lengths
ensuring that the hexapod we obtain is movable.
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In Subsection 2.1, given general base points ~P , we constructed a candidate for
the platform points ~p, unique up to rotations, dilations and translation. From now
on, we fix one such candidate ~p, and we denote by γ ~p the vector of points obtained
by scaling ~p by a non-zero factor γ ∈ R. The goal is to find a scalar γ and leg
lengths ~d such that the hexapod Π =
(
~P , γ ~p, ~d
)
is movable.
By construction, the Möbius curves D and D′ of ~P and γ ~p intersect in 14
points, and these points do not depend on γ. As pointed out in Remark 1.13, it is
not always the case that all intersections correspond to boundary point. However,
this is true if we exclude the situation when both Möbius curves pass through
one of the nodes of M6. Hence from now on we will impose another condition
on Möbius-general 6-tuples, namely we suppose that no three points are collinear.
In this way — according to Theorem 1.12 — to each of the intersections of D
and D′ we can associate a boundary point β ∈ B in the following way: if for
v, w ∈ C we have f~P (w) = f~p(v), then v and w represent directions in R3 such
that the orthogonal projection of ~P along w and the orthogonal projection of γ ~p
along v are Möbius equivalent. If µ is the Möbius transformation sending the
projection of ~P to the projection of γ ~p, then by the description of boundary points
we gave in Subsection 1.1 we know that the triple (v, w, µ) defines a unique boundary
point βγ ∈ B. By a direct computation one sees that as γ ∈ R varies, then βγ
moves on a line contained in B. By repeating this procedure for all 14 points of
intersection of the two Möbius curves we get 14 boundary points {βkγ}, with k ∈
{1, . . . , 14}. By construction, the βkγ have the property that if ~d are leg lengths such
that Πγ,~d =
(
~P , γ ~p, ~d
)
has no empty configuration set KΠ
γ,~d
, then βkγ ∈ KΠγ,~d ∩B
for all k ∈ {1, . . . , 14}.
We now state the tangency conditions we are interested in. To do so, we recall
the concept of pseudo spherical condition (already used in Theorem 1.12), which is
nothing but the restriction of the spherical condition in Eq. (1) to the hyperplane L
defining the boundary. In contrast with the spherical condition, the pseudo spher-
ical condition does not depend on the leg lengths. The pair of 6-tuples given by ~P
and γ ~p imposes 6 pseudo spherical conditions, which determine a linear space that
we denote by H˜γ . Notice that if we fix a vector ~d of leg lengths, and we create
the hexapod Πγ,~d =
(
~P , γ ~p, ~d
)
, denoting by Hγ,~d the linear space cut out by the
spherical conditions determined by Πγ,~d, then for all boundary points β
β ∈ Hγ,~d ∩X if and only if β ∈ H˜γ ,
since Hγ,~d ∩L = H˜γ ∩L, where L is the hyperplane in P16C determining the bound-
ary B. In particular this holds for all 14 points βkγ .
Definition 2.10. Let ~P and ~p be two 6-tuples whose Möbius curves intersect in 14
points giving rise to 14 boundary points. Following the notation introduced before,
denote by βkγ the 14 boundary points determined by ~P and γ ~p, and by H˜γ the
linear space cut out by the 6 pseudo spherical conditions imposed by ~P and γ ~p.
Suppose furthermore that H˜γ and X intersect properly, so that each of the βkγ
is an irreducible component of H˜γ ∩ X. We say that γ ∈ R \ {0} satisfies the
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tangency condition Tang2 if and only if for each of the 14 points βkγ the intersection
multiplicity i
(
H˜γ , X;β
k
γ
)
of H˜γ and X at βkγ is greater than or equal to 2.
We notice that, with the notation previously introduced, i
(
H˜γ , X;β
k
γ
) ≥ 2 if and
only if i
(
Hγ,~d, X;β
k
γ
) ≥ 2 for every ~d for which Hγ,~d and X intersect properly. To
prove this it is enough to show that
i
(
H˜γ , X;β
k
γ
)
= 1 if and only if i
(
Hγ,~d, X;β
k
γ
)
= 1.
This follows from the fact that the projective tangent space TβkγX of X at β
k
γ is
contained in L (we used already this fact in Theorem 1.12; this can be proved by a
direct computation, using for example Gröbner bases) and that
i
(
H˜γ , X;β
k
γ
)
= 1 if and only if TβkγX ∩ H˜γ = {βkγ}
and similarly for Hγ,~d.
Remark 2.11. The condition Tang2 is affine-linear in γ. In fact, pick one of the 14 boundary
points βkγ ; from now on we will denote it by βγ . The condition Tang2 is equivalent
to the condition that the dimension of the intersection of the projective tangent
space TβγX and the linear space H˜γ is greater than or equal to 1. After possibly
reparametrizing the projective line on which βγ lies as γ varies, we can write βγ =
(0 : αwvT : λw : µv : γ), since the line passes through the vertex of the boundary B.
One can show that TβγX is spanned by the rows of the following matrix:
h M x y r
0 wvT 0 0 0
0 αw′vT λw′ 0 0
0 αwv′T 0 µv′ 0
0 0 w 0 0
0 0 0 v 0
0 0 0 0 1
0 0 w′ v′ 0
where w′, together with w, span the tangent line in P2C of C at w, and the same
for v′, subject to the condition that 〈w′, w′〉 = 〈v′, v′〉. In particular, the projective
tangent space does not depend on γ. The 6 pseudo spherical conditions defining H˜γ
determine a linear map η : C7 −→ C6, where we identify C7 with the vector space
associated to TβγX. Its kernel is the vector space associated to the intersection
TβγX ∩ H˜γ . We are going to show that the condition dimker η ≥ 2 is affine-linear
in γ. To do this, we pick coordinates so that (see [GNS15, Subsection 2.3])
v = w = (1 : i : 0),
v′ = w′ = (0 : 0 : 1),
λ = µ = 0,
α = 1.
Then a direct inspection of the matrix of η proves the statement.
Example 2.12. Consider the pair of 6-tuples computed in Example 2.8: one finds
that each of the 14 affine-linear equations for γ is a multiple of the equation γ−1 = 0.
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Definition 2.13. Let Πγ,~d =
(
~P , γ ~p, ~d
)
with ~P and ~p as before, and suppose that γ
satisfies Tang2. Let Hγ,~d be the linear space defined by the 6 spherical conditions
determined by Πγ,~d. Suppose that Hγ,~d and X intersect properly. We say that ~d
satisfies the tangency condition Tang3 if and only if for each of the 14 points βkγ
the intersection multiplicity i
(
Hγ,~d, X;β
k
γ
)
is greater than or equal to 3.
Example 2.14. Recall Example 2.12. Naively one expects that the intersection
i
(
Hγ,~d, X;β
k
γ
)
is greater than or equal to 3 if we are able to find a solution of
the system of equations given by Hγ,~d ∩X in C[t]/(t3). For a solution of the form
c0+c1t+c2t
2, the coefficients c0 and c1 are determined by βkγ itself and by a tangent
vector in Tβkγ ∩Hγ,~d, which is unique up to scaling. For c2, we obtain a system of
affine-linear equations in d21, . . . , d26 and c2. The solvability of these equations with
respect to c2 is equivalent to another system of affine-linear equations in d21, . . . , d26.
These equations are:
d24 =
71
92d
2
1 − 10592 d22 + 6346d23 − 535801676062 ,(11)
d25 =
71
41d
2
1 − 7541d22 + 4541d23 − 19080801074159 ,(12)
d26 =
71
44d
2
1 − 4544d22 + 922d23 − 114265154638 .(13)
Theorem 2.15. Assume that ~P is a 6-tuple of points in R3. Assume that ~p is
another 6-tuple such that the Möbius curves of ~P and of ~p intersect in 14 points and
do not intersect in a node of M6. Assume that γ and ~d satisfy the conditions Tang2
and Tang3. Then the hexapod Π =
(
~P , γ ~p, ~d
)
is movable.
Proof. Since the two Möbius curves do not intersect in a node, then from the
discussion at the beginning of the section we obtain 14 boundary points. As before,
denote by HΠ the linear space defined by the 6 spherical conditions determined
by Π. Suppose that HΠ and X intersect properly in finite number of points, namely
that Π is not movable. By assumption, the intersection multiplicity of X and HΠ
at each of the 14 bonds of Π corresponding to the 14 common images of the Möbius
curves is at least 3. Hence the intersection count gives 14·3 > 40 = (degX) (degH),
which is absurd by [Har77, Appendix A, Axiom A6]. Therefore Π is movable. 
Remark 2.16. If ~P is a Möbius-general 6-tuple of points in R3, then Conjectured Lemma 1
predicts the existence of a 6-tuple ~p satisfying the hypothesis of Theorem 2.15.
Conjectured Lemma 2. For a Möbius-general 6-tuple ~P of base points, consider
the 6-tuple ~p of platform points predicted by Conjectured Lemma 1. There is a
unique γ such that the tangency condition Tang2 is fulfilled. Moreover, the set of
leg length vectors ~d fulfilling the tangency condition Tang3 is of dimension 3.
Definition 2.17. Let ~P be a Möbius-general 6-tuple of points in R3. Then Con-
jectured Lemma 1 and Conjectured Lemma 2 predict the existence of ~p, γ and ~d
satisfying the hypothesis of Theorem 2.15. We call the resulting hexapod Π a liaison
hexapod.
As for Conjectured Lemma 1, Conjectured Lemma 2 is formulated such a way
that if it is false, then it is falsified by a generic choice of base points. We tested
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the conjecture against random numerical examples, and constructed many movables
hexapods in this way. But, as in Remark 2.9, we could have been lucky (or unlucky)
in all these experiments and the conjecture may be false.
Finally, we would like to point out that, in case the two Conjectured Lemmata
hold, the family of liaison hexapods is maximal among movable hexapods. In fact,
the possible bases of such hexapods form an open subset in
(
R3
)6; moreover, if the
conjectures are true, there exists exactly a 3-dimensional collection (parametrized
by the leg lengths) of movable hexapods of maximal conformal degree 28 for each
such base. This family cannot be contained in a larger family with smaller conformal
degree since the latter is upper-semicontinuous.
3. Computations in Study parameter space
In this section we exhibit two positive-dimensional families of base points ~P for
which we can explicitly compute the candidate platform points ~p coming from the
liaison procedure in concrete instances as explained in Subsection 2.1, and such
that there exists a unique scaling factor γ satisfying the condition Tang2 and a
three-dimensional set of leg lengths ~d satisfying the condition Tang3. We show that
the hexapods corresponding to such families are movable.
Proposition 3.1. Consider a 6-tuple ~P of points in R3 such that the lines
−−−→
P1P2,−−−→
P3P4 and
−−−→
P5P6 meet in one point (see Fig. 3). Then consider the following setting:
i. Take the candidate platform ~p to be:
(p1, p2, p3, p4, p5, p6) = (P2, P1, P4, P3, P6, P5).
ii. The scaling factor γ is given by −1.
iii. The condition on the leg lengths {di} ensuring mobility one is:
d21 = d
2
2 d
2
3 = d
2
4 d
2
5 = d
6
6.
Then the hexapod that we obtain is movable.
Proposition 3.2. Consider a 6-tuple ~P of points in R3 such that there exists an
isometry σ of R3 of order 3 acting on ~P in the following way:
σ : (P1, P2, P3, P4, P5, P6) 7→ (P2, P3, P1, P5, P6, P4).
Then consider the following setting:
i. Take the candidate platform ~p to be:
(p1, p2, p3, p4, p5, p6) = (P4, P6, P5, P1, P3, P2).
ii. The scaling factor γ is given by 1.
iii. The condition on the leg lengths {di} ensuring mobility one is given by a
system linear in the d2i admitting a three-dimensional solution set.
Then the hexapod that we obtain is movable.
We are going to prove Proposition 3.1 and Proposition 3.2 using Study parame-
ters. Moreover we report some interesting properties observed within this approach,
and finally we compute the configuration curve of an example of a liaison hexapod.
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P1
P2 P3
P4
P5
P6
p1
p2
p3
p4
p5
p6
Figure 3. Illustration of a self-motion of a hexapod belonging to
the family given in Proposition 3.1: the lines
−−−→
P1P2,
−−−→
P3P4 and
−−−→
P5P6
intersect in a point, and the same happens for the lines −−→p1p2, −−→p3p4
and −−→p5p6. The balls labeled by pi and Pi, for i ∈ {1, . . . , 6}, are
spherical joints.
3.1. Basics. Due to a result of Husty (see [Hus96]), we use Study parameters
(e0 : e1 : e2 : e3 : f0 : f1 : f2 : f3) to compute the configurations of a hexapod
— this is also known as the forward kinematics problem. Note that the first four
homogeneous coordinates (e0 : e1 : e2 : e3) are the Euler parameters already men-
tioned in the Introduction. All real points of the Study parameter space P7C that
are located on the so-called Study quadric — given by Ψ = 0, where Ψ =
∑3
i=0 ei fi
— correspond to a direct isometry, with exception of the 3-dimensional subspace
e0 = e1 = e2 = e3 = 0, as its points do not fulfill the condition N 6= 0 with
N = e20 + e
2
1 + e
2
2 + e
2
3. The translation vector (t1, t2, t3) and the rotation matrix R
of the direct isometry (x, y, z) 7→ (x, y, z)R+ (t1, t2, t3) corresponding to a point in
the Study quadric are given by:
t1 = 2(e0f1 − e1f0 + e2f3 − e3f2), t2 = 2(e0f2 − e2f0 + e3f1 − e1f3),
t3 = 2(e0f3 − e3f0 + e1f2 − e2f1),
and
R =
e20 + e21 − e22 − e23 2(e1e2 + e0e3) 2(e1e3 − e0e2)2(e1e2 − e0e3) e20 − e21 + e22 − e23 2(e2e3 + e0e1)
2(e1e3 + e0e2) 2(e2e3 − e0e1) e20 − e21 − e22 + e23
 ,
if the normalizing condition N = 1 is fulfilled.
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By using the Study parametrization of direct isometries, the condition that the
point pi is located on a sphere centered in Pi with radius di is a quadratic homo-
geneous equation according to Husty (see [Hus96]). For the explicit formula of the
used spherical condition Λi = 0 we refer to [Naw14b, Eq. (2)].
The solution for the direct kinematics over C of a hexapod can be written as
the algebraic variety whose ideal is spanned by Ψ, Λ1, . . . ,Λ6, with the condition
N = 1. In general this variety consists of a discrete set of points, corresponding to
the (at most) 40 solutions of the forward kinematic problem. In the case of liaison
linkages it is 1-dimensional as they have a self-motion.
3.2. Proving the two propositions. We consider the polynomials ∆i,j := Λi−Λj
for i < j and i, j ∈ {1, . . . , 6}, which are affine-linear in f0, . . . , f3 and therefore
they can be written in the form:
∆i,j = Si,j f0 + Ti,j f1 + Ui,j f2 + Vi,j f3 +Wi,j .
The system of polynomials ∆i,j can be grouped into the following six sets:
Sk :=
{
∆i,j : i < j and i, j ∈ {1, . . . , 6} \ {k}
}
for k = 1, . . . , 6.
Denote by Ik the ideal generated by the set {Sk}, together with the polynomial Ψ.
It can easily be seen that each of these ideals is generated by five linear polynomials
in f0, . . . , f3:
I6 = 〈∆1,2,∆1,3,∆1,4,∆1,5,Ψ〉 , I5 = 〈∆1,2,∆1,3,∆1,4,∆1,6,Ψ〉 ,
I4 = 〈∆1,2,∆1,3,∆1,5,∆1,6,Ψ〉 , I3 = 〈∆1,2,∆1,4,∆1,5,∆1,6,Ψ〉 ,
I2 = 〈∆1,3,∆1,4,∆1,5,∆1,6,Ψ〉 , I1 = 〈∆2,3,∆2,4,∆2,5,∆2,6,Ψ〉 .
A necessary condition for the solvability of a system of five linear equations in
f0, . . . , f3 is that the determinant of the extended coefficient matrix is equal to
zero. This condition is denoted by Ωk = 0; e.g. Ω6 is given by:
Ω6 :
∣∣∣∣∣∣∣∣∣∣∣∣
S1,2 T1,2 U1,2 V1,2 W1,2
S1,3 T1,3 U1,3 V1,3 W1,3
S1,4 T1,4 U1,4 V1,4 W1,4
S1,5 T1,5 U1,5 V1,5 W1,5
e0 e1 e2 e3 0
∣∣∣∣∣∣∣∣∣∣∣∣
.
It is well known (see [Hus96]) that Ωk factors into e20 + e21 + e22 + e23 and a quartic
factor Gk that has 258 720 terms. In this way we get six quartic equations Gk = 0
in the Euler parameter space. Now it can easily be checked by direct computations
that
G1 −G2 +G3 −G4 +G5 −G6 = 0
holds, i.e. the {Gi} are linearly dependent. Therefore we can restrict to the equa-
tions G2 = 0, . . . , G6 = 0. Based on this preparatory work we prove the mobility
of two classes of liaison examples.
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3.2.1. Proof of Proposition 3.1. We assume that two Cartesian frames — called the
moving and the fixed frame — are rigidly attached to the platform and the base of
the hexapods, respectively. Without loss of generality we can choose these frames
in a way that the base and platform points have the following coordinates (with
respect to the corresponding frames):
P1 = (A1, 0, 0), P2 = µ1P1, p1 = −P2, p2 = −P1,
P3 = (A3, B3, 0), P4 = µ3P3, p3 = −P4, p4 = −P3,
P5 = (A5, B5, C5), P6 = µ5P5, p5 = −P6, p6 = −P5.
Plugging these coordinates and leg lengths relations d1 = d2, d3 = d4 and d5 = d6
into our above calculated expressions shows that Gk factors into a linear expres-
sion Lk in the Euler parameters and a common cubic factor S with 650 terms.4
This already proves that the mobility is one, because the dimension of the variety
of the ideal I = I2 + I3 + I4 + I5 + I6 is at least 2, as the latter is generated by:
I = 〈∆1,2,∆1,3,∆1,4,∆1,5,∆1,6,Ψ〉 .
Since there is only one equation left (any equation Λi = 0 can be taken) we get at
least mobility one over C.
Remark 3.3. Note that S = 0 can split up into several components. An example for this
is the case µi = µj = −1 6= µk with pairwise distinct i, j, k ∈ {1, 3, 5}. In this case
the cubic surface S = 0 splits up into a quadric and a plane. For i = 1, j = 3 and
the additional relations A3 = 0, B3 = A1 and d1 = d3 we get even 3 planes, namely:
e1 − e2 = 0, e1 + e2 = 0, A5e1 +B5e2 + C5e3 = 0.
3.2.2. Proof of Proposition 3.2. Without loss of generality we can choose the fixed
frame and the moving frame in a way that the base and platform points have the
following coordinates (with respect to the corresponding frames):
p1 = (a, b, c), p4 = (A,B,C), P1 = p4, P4 = p1,
p2 = (b, c, a), p5 = (B,C,A), P2 = p6, P5 = p3,
p3 = (c, a, b), p6 = (C,A,B), P3 = p5, P6 = p2.
Moreover with respect to this choice of coordinates the leg lengths can be expressed
as
d24 = −
UW (d22 − d21)− VW (d23 − d21)
kK
+ d21,
d25 = +
UV (d22 − d21)− UW (d23 − d21)
kK
+ d21,
d26 = +
VW (d22 − d21) + UV (d23 − d21)
kK
+ d21,
4The corresponding Maple Worksheet can be downloaded as mws file and pdf file from
www.geometrie.tuwien.ac.at/nawratil/prooffamily1.mws and www.geometrie.tuwien.ac.at/
nawratil/prooffamily1.pdf, respectively.
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with
U = Aa−Ab+Bb−Bc− Ca+ Cc, K = A2 +B2 + C2 −AB −AC −BC,
V = Aa−Ac−Ba+Bb− Cb+ Cc, k = a2 + b2 + c2 − ab− ac− bc,
W = Ab−Ac−Ba+Bc+ Ca− Cb.
With respect to these coordinates and leg lengths the numerator of Gk splits up
into the factor5 k−K, a linear expression Lk in the Euler parameters and a common
cubic factor S with 576 terms.6 This proves that the mobility is one for the same
reasons as in the last proof.
Remark 3.4. Finally it should be mentioned that the two families given in Propositions 3.1
and 3.2 also contain geometries that are excluded from the conjectures formulated in
Section 2 (e.g. planar or congruent hexapods, or hexapods with 4 collinear points).
3.3. Observations. Based on random examples (see Section 3.4) and the families
given in Propositions 3.1 and 3.2 we provide the following interesting observations,
which hopefully could lead to a simpler (or even explicit) computation of the linked
6-tuple in the future.
I. Each Gk factors in a linear expression Lk and a common cubic factor S for
k = 2, . . . , 6. Every plane defined by a linear equation Lk = 0 belongs to
a bundle of planes with vertex V in the Euler parameter space. Therefore
there exists a 2-parametric set of linear combinations:
γ2G2 + γ3G3 + γ4G4 + γ5G5 + γ6G6 = 0.
Moreover, the vertex V belongs to the common cubic surface S = 0.
II. The vertex V does not depend on the remaining leg lengths. There exists
a bijection between the remaining three leg lengths and the translation
vector; i.e. a self-motion can be started from every pose of the platform, if
it has this special orientation.
Remark 3.5. Therefore this manipulator can be seen as an translational singular
manipulator (or Cartesian-singular manipulators; see [Naw10, Section 5])
with respect to this orientation.
III. Moreover V corresponds to an orientation of the manipulator, where the
five difference vectors
(14) (Pi − P1)− (pi − p1) for i = 2, . . . , 6
only span a plane α with normal vector n.
Now we consider the orthogonal projection of the points p1, . . . , p6 and
P1, . . . , P6 on α which yields p′1, . . . , p′6, P ′1, . . . , P ′6. There exist three pairs
7
5Note that for k = K platform and base are congruent.
6The corresponding Maple Worksheet can be downloaded as mws file and pdf file from
www.geometrie.tuwien.ac.at/nawratil/prooffamily2.mws and www.geometrie.tuwien.ac.at/
nawratil/prooffamily2.pdf, respectively.
7Note that not all three pairs have to be real as two pairs can also be complex conjugate.
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of centers (qi, Qi) in α, in a way that the two pencils of six lines
(15) [qi, p′1], . . . , [qi, p
′
6] and [Qi, P
′
1], . . . , [Qi, P
′
6]
can be mapped onto each other by a congruence sending [qi, p′j ] to [Qi, P ′j ]
for j = 1, . . . , 6. Moreover there is an orientation reversing equiform trans-
formation with qi 7→ Qi for i = 1, 2, 3. Observation III is illustrated in
Fig. 4 with respect to the example given in Section 3.4.
IV. The cubic surface S = 0 in the Euler parameter space contains a line `
through the vertex V . The points of these line ` correspond to the rotation
of the platform about a fixed line orthogonal to α. In each configuration of
the 2-parametric set, obtained from the composition of this rotation and a
translation of the platform in direction of n, a self-motion can be started.
Remark 3.6. The planar hexapod with platform p′1, . . . , p′6 and base P ′1, . . . , P ′6
is even Schönflies-singular (see [Naw10]) with respect to the direction or-
thogonal to the α-parallel carrier planes of the planar platform and planar
base.
V. There exists a regular projectivity mapping Pi to pi for i = 1, . . . , 6.
3.4. Example. We choose the following set of base points with respect to the fixed
frame (O;X,Y,Z): Pi = Ai for i = 1, . . . , 6 with Ai given in Eqs. (6) and (7).
According to Example 2.8 the liaison technique explained in Section 2 yields
the following platform with respect to the moving frame (o; x, y, z): pi = Bi for
i = 1, . . . , 6 with Bi given in Eqs. (8) to (10). Note that this coordinatization of
the platform already corresponds with the special orientation V .
Moreover the leg lengths are given by Eqs. (11) to (13).
For the computation of the self-motion we express f0, f1, f2, f3 from ∆i,j = 0,
∆i,k = 0, ∆i,l = 0, Ψ = 0 for pairwise distinct i, j, k, l ∈ {1, . . . , 6} and insert
them into Λi. We denote the numerator of the resulting expression by Em,n with
pairwise distinct i, j, k, l,m, n ∈ {1, . . . , 6}. This is an octic expression in the Euler
parameter space, where e0 appears maximally to the power of 6.
Due to the involved powers of e0, we eliminate this Euler parameter by computing
the resultant of S and Em,n, which yields the expression Fm,n of degree 22 in
e1, e2, e3. The greatest common divisor J of all Fm,n corresponds to the self-motion,
which is in the generic case of degree 12.
It is always possible to choose special values for the remaining leg lengths d1, d2, d3
in a way that S is linear in e0 and that all Em,n are of degree 5 in e0. For our
example the overdetermined system of equations resulting from the coefficients of
e20e1, e20e2, e20e3 of S and the coefficients of e60e21, e60e22, e60e23, e60e1e2, e60e1e3, e60e2e3
of Em,n has the following solution:
d21 =
62434791769
2888740009 , d
2
2 =
147143743
8595735 , d
2
3 =
431695696
46416969 .
In this case J is only of degree 10. This decic J = 0 is illustrated in Fig. 5
and it consists of two components, a black and a red colored one. On the red
component a point is highlighted, whose corresponding configuration is illustrated
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Figure 4. We illustrate observations III by an orthogonal pro-
jection onto α (top view indicated by ′). In the correspond-
ing front view (indicated by ′′) the property of Eq. (14) can be
seen, as p′′i and P ′′i are located on horizontal lines; e.g. dashed
line [p′′3 , P ′′3 ]. Moreover it can be figured out that the triangles
Q1, Q2, Q3 and q1, q2, q3 are reflection similar. The pencils of lines
given in Eq. (15) are not drawn as otherwise the figure gets over-
loaded. But the reader can verify the congruence of the corre-
sponding pencils by checking the measurements with a protractor;
e.g. ω := ^(P ′5, Q1, P ′6) = ^(p′5, q1, p′6).
in Fig. 6 together with the trajectories corresponding to the red component of the
self-motion.
Remark 3.7. Finally it should be noted that the number of 14 bonds can also be verified
within the Study parameter approach according to the method presented in [Naw14b].
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–2
0
2
–4 –2 0 2 4 6
Figure 5. We identify e3 = 0 with the line at infinity and il-
lustrate the affine part of the decic J = 0, i.e. we set e3 = 1 and
plot e1 horizontally and e2 vertically. Note that the complete decic
corresponds to a real self-motion as S depends only linearly on e0.
Moreover in the upper right corner we provided a zoom of the red
component by a scaling factor of 3.
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